Mass Point Geometry

The centroid of a triangle is the point of intersection of the three medians of the triangle.  It is the ‘balancing point’ of the triangle, the center of gravity.  

Mass point geometry is a topic in mathematics which applies the notion of a ‘balancing point’ to a line segment.  The topic is helpful in determining ratios of the lengths of two line segments within a polygon, usually a triangle.  The process involves three points on a line segment - its two endpoints and a third point which is to be the balancing point of the line segment between the two endpoints.  You might think of the line segment as a teeter-totter with the fulcrum anywhere between the ends of the teeter-totter.  Weights (masses) can be assigned arbitrarily, and hopefully, conveniently, to the three points under consideration.  
For example, suppose point Y lies on 
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 such that XY:YZ = a:b.  Then, for both m > 0 and  n > 0, assign a weight of mn(a + b) to Y.  Then, if Y is to be a balancing point between X and Z, according to the laws of physics, the weight assigned to X times the length XY must equal the weight assigned to Z times the length YZ.  XY = na and YZ = nb.  If we assign a weight of mb to X and ma to Z, we see that mb(na) = ma(nb).     

Model Problem:  In 
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 F lies on side 
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 such that CF:FA = 1:2 and E is the midpoint of 
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  Compute FD:BF.  

Suggested Solution Using Mass Point Geometry:  Assign a weight of 3 to F (1 + 2), 1 to A and 2 to C.  If a weight of 2 is assigned to C, it makes sense to assign a weight of 2 to B and 4 to E.  Since the weight at B times BD must equal the weight at F times FD, BD:FD must be in the ratio of 3:2. Thus, the required ratio FD:BF is 2:5.                                                                                          
Alternate Solution Using Coordinate Geometry.  Without loss of generality, let triangle ABC be a right triangle with the right angle at C.  Place C at the origin, F at (1,0), A at (3,0), B at (0,4), and E at (0,2).  

Using the intercept form of a linear equation and converting to the general form, an equation of line AE is 2x + 3y = 6 and an equation of line BF is 4x + y = 4.  The two lines intersect at the point D
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Using the distance formula, (BF)2 = 17 and (FD)2 = 
[image: image8.wmf]68

25

.  (FD)2:(BF)2 = 
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 whose positive square root is 
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